A geometrical method to calculate the electric field due to a uniformly charged rod is presented. The result is surprisingly simple and elegant. Using only lengths and angles, the direction of the electric field at any point due to this charge configuration can be graphically determined. The method is not new but seems to have been all but forgotten. A full understanding of this result can lead to a deeper appreciation of symmetry in a seemingly un-symmetric system. V C 2015
I. INTRODUCTION
The calculation of electric fields created by continuous charge distributions is a challenging part of an introductory physics course. It is a difficult task for many students because they are applying the concept of integration for the first time to an actual physical situation. To help students understand the process, nearly every calculus-based physics textbook starts with the example of calculating the electric field of a uniformly charged line segment. [1] [2] [3] [4] [5] [6] [7] [8] This result can be simplified when the line segment is infinitely long, allowing comparison to a simple algebraic derivation using Gauss's law.
Applications of Gauss's law require a high degree of symmetry. Spherical charge distributions are the only finite systems for which the required symmetry is exact. Cylindrical or planar symmetry requires the system to be infinitely large-an infinitely long wire or infinite planar sheet-to obtain the field from Gauss's law. In the case of an infinite line with a uniform charge density, the electric field possesses cylindrical symmetry, which enables the electric flux through a Gaussian cylinder of radius r and length l to be expressed as U E ¼ 2prlE ¼ kl= 0 , implying EðrÞ ¼ k=2p 0 r ¼ 2kk=r, where k ¼ 1=4p 0 : For a finite line segment, however, symmetry determines the direction of the electric field only on the axis of the line and on the plane bisecting the line. At any other point, the direction of the electric field is not intuitively apparent. While it is straightforward to calculate the electric field components, the results often appear quite complicated.
This situation naturally leads to questions such as "are there simple ways to find the electric field?" or "are there hidden symmetries in the problem?"
II. ANALYSIS
The problem is to find the electric field everywhere due to a thin rod of length L with a uniform charge density k. Without loss of generality, place the rod on the x-axis from
The calculation of the electric field on the x-axis is fairly straightforward, because the direction is the same for every infinitesimal contribution dE from a dq on the charged rod:
The calculation of electric field at a point P(y) on the y-axis is more involved because of the nonzero components in both the x and y directions. There are two common approaches to finding the net electric field. Most often the approach taken is to integrate each component in terms of x (see Fig. 1 ): Fig. 1 . The coordinate system and angle h used in the calculation of the electric field at point P.
where the y-component involves a slightly more complicated integral ð dx
An alternative method, which avoids the integral above, is to use a change of variable from x to the angle h. Using the relations x ¼ y tan h; r ¼ y=cos h , and dx ¼ ydh=cos 2 h, the electric field components can be obtained as
These results are consistent with Eqs. (2) and (3), since
, but the integral is obviously much simpler in terms of the angle h.
This example is normally done in textbooks using one of these two approaches. Limiting cases are then discussed, such as an infinitely long rod (L ) y) or when the point of observation is far away compared to the size of rod (y ) L). For intermediate cases, instructors and students alike are generally satisfied with knowing how to solve the problem while believing the answer is too complicated to contemplate or to make sense of.
However, it turns out that the answers above for the finite rod have a simple geometrical meaning. The infinitesimal contribution dE at a point P on the y-axis, due to the charge k dx on the x-axis, is given by
The last expression in Eq. (7) corresponds to the infinitesimal contribution from an arc segment of radius y and arc length y dh with the same linear charge density k. In other words, the electric field contribution from the charge on the x-axis can be mapped to the contribution by hypothetical charges on a circular segment of radius y, as shown in Fig. 2 . For a circular arc, the symmetry axis is well defined. Thus, the total electric field due to a circular segment is along the direction bisecting the arc. If the lines connecting the ends are defined by the angles h a and h b , then the arc is defined by the angular spread of h b À h a , and the bisecting line will be pointing in the direction
This geometric argument is consistent with the direction of the total electric field calculated in Eqs. (5) and (6) above and as shown in Fig. 3 . The direction is defined by
The magnitude of the total electric field can be calculated for the simple arc to be
which can also be obtained directly from Eqs. (5) and (6) . The simplicity of the transformation between the line and the arc enables one to determine the direction and magnitude of the electric field due to any uniformly charged rod at any point in space using two purely geometrical quantities: the radius y (vertical distance from the point to the line) and the angle mid-way between the lines connecting the point to the ends of the rod.
One interesting example of this method is the calculation of the electric field on the y-axis due to a semi-infinite uniformly charged wire whose left end is at the origin, shown in Fig. 4 . In this case, h b ¼ p=2 and h a ¼ 0 so the electric field always points in the direction p=4 or 45
, with a magnitude of ffiffi ffi 2 p kk=y. The results look somewhat counterintuitive, as one might expect the field to point more toward the negative xaxis as y approaches zero. However, the mapped charge distribution will always lie along a quarter circle regardless of the radius y, so the field will always points in the same direction.
For a wire that is infinitely long in both directions, the transformation gives a half circle of radius y and E ¼ 2kk=y, the same result that is obtained from using Gauss's law. Fig. 2 . Calculation of the electric field at point P. The infinitesimal contribution from dx is the same as that from an infinitesimal arc segment y dh. The direction of the electric field can also be derived by first calculating the electric potential and then taking its gradient. It is known that the equipotential surface of a charged rod corresponds to an ellipsoid with the ends of the rod being the foci. [7] [8] [9] The gradient of the ellipsoidal surface indeed bisects the angle subtended between the point and the rod. However, the mathematical transformation and the calculation of the gradient are rather complicated and well beyond the level of introductory physics.
The mapping transformation can be used in other cases involving a 1/r 2 dependence, such as the gravitational field due to a line segment of uniform mass density. However, it cannot be applied directly to the calculation of the magnetic field from a straight current-carrying wire, because of the cross product in dB ¼ l 0 I dl *
Âr=4pr
2 . It would be of great interest to find analogous transformations in other systems or in higher dimensions.
III. LOOKING BACK IN HISTORY
It would be foolish to believe that this is the first time this transformation has been discovered. In fact, as pointed out by the referees of this paper, similar methods and results were obtained for the gravitational force of a rod by Edward Routh in his 1892 book A Treatise on Analytical Statics with Numerous Examples. 10 In 1879, Lord Kelvin (William Thomson) and Peter Guthrie Tait published a solution using pure geometrical arguments without calculus in their Treatise on Natural Philosophy.
11 Almost 50 years earlier, in 1828, George Green derived the ellipsoidal equipotential surface in "An Essay on the Application of Mathematical Analysis to the Theories of Electricity and Magnetism," which was self-published and was ignored by mathematicians for two decades. 12 The geometrical interpretation was discussed in the Appendix of Mathematical Papers of the Late George Green, edited by Ferrers in 1871. 13 Clearly, the electric field due to a line segment was known at that time. In addition, a similar result in terms of the ellipsoidal equipotential surface and its normal was published in French by Emile Durand about 60 years ago. 14 Contemporary textbooks on electromagnetism have largely neglected the transformation between the line segment and a circular arc, not only at the introductory university physics level but also at the advanced undergraduate 7, 8 and graduate levels. 9 In fact, this method does not appear to be known in some recent publications on this subject. 15, 16 It is not obvious why and how the geometric treatment, apparently well known in the late 19th century, has been all but lost. What is clear is that classic works by the pioneers should never be left in the dark and forgotten. 17 
IV. CONCLUSION
The contribution to the electric field from an infinitesimal charged line segment dx can be mapped to that of an infinitesimal arc segment of a fixed radius, leading to a mapping of a finite line segment to a finite circular arc. The symmetry axis of the arc is easily defined, thus pinpointing the direction and the magnitude of the total electric field.
This result can be traced back nearly two hundred years to George Green, yet is not found in today's textbooks. That such a simple and elegant transformation has not been preserved in current physics textbooks is surprising. Students in a calculus-based college physics course are certainly able to appreciate the beauty of this transformation.
The transformation of a seemingly non-symmetric charge distribution to a symmetric circular segment for the calculation of the electric field is interesting by itself. Discussion of this approach will enlighten students of science and engineering and encourage them to pursue simplicity and symmetry in complex problems.
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